Abstract. In this article we give some nontrivial realizations of secondary characteristic classes of contact foliations.
1. Introduction. Given any differentiable pseudogroup T, we can define the T-foliations. In the category of T-foliations one can construct the secondary characteristic classes for T-foliations. The first step in studying characteristic classes is to show that they are nontrivial. Kamber and Tondeur [2] -[4] have given many nontrivial realizations of secondary characteristic classes in various geometric contexts. In this article we give some nontrivial characteristic classes for contact foliations.
In §2 we recall a construction of the characteristic classes for contact foliations. In §3 we compute some of the nontrivial characteristic classes of contact foliations.
2. Contact structures and contact foliations. Let (z, x',...,
x",yx, . . . ,y") be coordinates in (2n + l)-dimensional euclidean space, 7\2n+1, and let y be the 1-form on R2n+X defined by y = dz + 2 y' dx' -x* dy1. i = i y is called a contact form on R2n + X, and a diffeomorphism/: U-» U', where U and U' are open subsets of R2n+X, is called a contact transformation if and only if f*y = ry, where t is a nonzero real valued function on U. The collection T of all such contact transformations forms a pseudogroup. It is called the contact pseudogroup on R2n+X. Let T be the contact pseudogroup on 7\2n+1. A T-fohation f of codimension 2n + 1 on a finite dimensional manifold M is a covering {U¡) together with submersion/: [/, -> R2n+X that satisfy the condition: for every point x E Uj n Uj there exists an element gtJ G T such that f¡ = gtJ ° fj in some neighborhood of x. The collection {U¡,f¡) is called the atlas of the foliation. Let §, and % be T-foliations on the manifolds M and N, respectively. A morphism % -» f2 is a smooth mapping/: M -» N that satisfies the following condition: Let x E M, and let g,: £/-» R2n+X and g2: V^> R2n+X (U c M, V c N) be the mappings of neighborhoods of x and f(x) that belong to the atlases of the foliations <SX and %, respectively. Then there is a diff eomorphism a ET such that a ° g, = g2 ° / in some neighborhood of x.
Let T be the contact pseudogroup on R2n+X. We define Gk to be the set of all fc-jets of mappings in T with source and target at 0. The group G ' is called the linear isotropy group of T. Given a T-foliation 5" on a manifold M, we let T(3) denote the subfibration of T(M) tangent to the leaf of 5". We define /~V-> M to be the principal G '-bundle associated with T(M)/T(3). 3. Examples of nontrivial characteristic classes for contact foliations. Throughout this paper we shall use the notations, terminologies, and some results from [2] , [4], [5] , [7] , without always specifying where they come from.
Let us fix an integer r satisfying 0 < r < [(n -l)/2]. Let P"(C) be the «-dimensional complex projective space, and let z0, z,, . .., z" be the system of its homogeneous coordinates. We define the hermitian matrices Ir and Ir of degree n -1 and n + 1 by H"»4 *.!-,)and lwhere E is the unit matrix of degree s. It is known from [7] that Qr is a connected nondegenerate hypersurface of P"(C) and its index is r. We know that Qr has a contact structure of dimension 2n -I. Let P(n, C) be the group of all projective transformations. We consider the subgroup G(r) of P(n, C) which consists of all projective transformations leaving Qr invariant. G(r) acts effectively and transitively on Qr and G(r) = S\J(Ir)/n, where n is the center of SU(7r). G(r) is a connected Lie group. We denote by G'(r) the isotropy subgroup of G(r) at 0 = (1, 0, . . . , 0) G Qr.
The Lie algebra g(r) of G (r) can be identified with S>u(Ir), that is, Q(r) = (X E gl(« + 1, C)\'XIr + JrX = 0, trace X-0); g(r) is isomorphic to §>u(r + I, n -r), and so it is simple. Each element X of Q(r) can be written as a matrix of the form where u E C,v E u(Ir), and u -U + trace v = 0.
Let a be the involutive automorphism of g(/-) which is defined by o(X) = -'X for X E g(r). Then we have oG(r)o = G(r). We define a subgroup K(r) of G (r) by K(r) = [X E G(r)|oAa = A-}
and put A0(r) = K(r) n G'(r). Note that K(r) is compact and G(r)/G'(r) = K(r)/K0(r) = Qr. The Lie algebra of K(r) is given by t(r)={X EQ(r)\oX = X) and l(r) = m(r) + î0(r) (direct sum) where tQ(r) = t(r) n Qo(r) is the Lie algebra of A0(r) and m(r) = (a + l)p(r) where p(r) = Q~2(r) + Q-X(r). We give some detailed description of the Lie algebra t(r) = l0(r) + m(r). The Lie algebra t(r) is isomorphic to êu(r + 1, n -r) n u(n + 1) and the Lie algebra f0(r) is isomorphic to u(r) X u(n -r -1). We can represent each element X of î(r) as a matrix of the following form (the left cosets) to K(r) X K0(r). Thus the bundle (3.1) has a canonical foliated bundle structure. Moreover, the normal bundle QK^r) of the homogeneous foliation LK (r) on K(r) given by K0(r) (see [4] ) is associated to P, and the canonical foliation on QK¿r) is inherited from the canonical foliation of P.
Thus from here we see that K(r) has a contact foliation structure of codimension 2n -I. Now we consider the exact sequence 0^lo(r)^t(r)^l(r)/to(r)^0.
Since î(r) = î0(r) + m(r), we define a map 9 as the projection: t(r) -» f0(r). It is easy to verify that 9 is a 7C0(r)-equivariant splitting of the exact sequence.
From [2] we know that 9 defines a L^^-basic connection of the K0(r)-principal bundle (3.1).
In order to compute the map A" in Theorem 2.1, we will need the following facts from [2] Hence we have the following theorem.
Theorem 3.1. Let (K(r), K0(r)) be the reductive pair which is defined as above. Then y"+x E ImA(0), c 77-(f(r)) * A(y2, . . . ,yn+x), and yt(y" + x) E Im A" is a nonzero characteristic class of the contact foliation of K(r) which is induced by the pair (K(r), K0(r)).
